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The problem of compactness of imbeddings between Sobolev spaces of 
functions defined on unbounded domains has been investigated in several 
recent papers by the writer [l-3] and C. Clark [5,6]. Such compactness 
theorems are useful for studying existence and spectral theory for partial 
differential operators on the domain in question. In this paper we shall be 
concerned with “pepper sets” in Rn, that is, open sets with locally finite 
(discrete) boundaries. Some compactness and noncompactness results 
(Theorems 1 and 2 below) for imbeddings between Sobolev spaces on such 
sets were obtained by the writer in [2]. Our concern here is to establish 
necessary and sufficient conditions for the compactness of imbeddings of the 
We 
for pepper sets G in Rn. 
If G is an open set in Rn, m is a positive integer and 1 < p < 00, the 
Sobolev space Wc,P(G) is defined as the completion with respect to the norm 
II 24 I/ m,%G = 
i 
of the space Cow(G) of all infinitely differentiable functions having compact 
support in G. Here Ij I/,,,$ is the norm in P(G); LY = (o(r,..., LX,) is an n-tuple 
of nonnegative integers; 
/ (Y / = 01~ + ... + a, ; Da = Dp ... 02 ; Dj = Z/ax, , j = l,..., n. 
It is clear that no imbedding of type (1) can be compact for an unbounded 
domain G unless G is quasibounded, that is, unless dist. (x, bdry G) -+ 0 as x 
tends to infinity in G. In [2] we established the following pair of theorems: 
* Research sponsored by the Air Force Office of Scientific Research, Office of 
Aerospace Research, United States Air Force, under AFOSR Grant Nr. AFOSR- 
68-1531. 
405 
406 ADAMS 
THEOREM 1. Let G be a pepper set in R”. If either mp < n and p > 1 or 
m < n and p = 1 then no imhedding of the type W:*‘(G) -+ L’(G) can be 
compact. 
THEOREM 2. Let G be a qua&bounded open set in Rn. If either p > n or 
n = p = 1 then for any m = 0, l,... andp < r < 03 the imbedding 
WF+l9p(G) 3 W:*‘(G) (2) 
(exists and) is compact. 
COROLLARY. If G is a quasibounded pepper set in Rn the imbedding 
W:*‘(G) -+ L’(G), p < r < 03 is compact if and only ;f either p > n or 
n=p=l. 
We now extend Theorem 2 to cover imbeddings of type (1). For quasi- 
bounded pepper sets and p > 1 our extension will provide necessary and 
sufficient conditions for the compactness of these imbeddings. First, however, 
. let us note that theorem 2 can be improved at once to cover 1 < r < co. 
THEOREM 2’. Under the conditions of Theorem 2 the imbedding (2) is 
compact for 1 < r < co. 
PROOF. Lemma 4 of [2] yields, for all functions w E C,,a(G) which vanish 
in a neighbourhood of the point a E R*, the inequality 
where B, is the ball of radius S and center a E R”. For 1 < r < p we have by 
Holder’s inequality 
Using this inequality the proof of Theorem 2 given in [2] can be carried over 
intact to the extra cases 1 & r < p. 
Our principal result is the following: 
THEOREM 3. Let G be a quasibounded open set in R”. If mp > n and j < m 
then the imbedding (1) is compact in each of the following cases 
(i) j = 0, l<r<co 
(ii) n > mp - jp, p < r < nP(n - mp + jP)-’ 
(iii) n Q mp - jp, p<r<co. 
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PROOF. If mp > n then by Sobolev’s imbedding theorem (Browder [4, 
Lemma 51) the imbedding Wr**(G) -+ IVisP(G) is continuous for some q > n 
(specifically for all q 2 p if n < mp - p or for q = np(n - mp + p)-’ > n 
if n > mp - p.) By Theorem 2’ the imbedding We** -+ L’(G) is compact 
for all r 3 1, whence the composed imbedding Wr**(G) -+ D(G) is compact. 
By a standard interpolation theorem for Sobolev spaces (see, for example, 
[4, Lemma 61) there exists a constant K such that for 0 < j < m, 
p<r<np(n-mp+jp)-l (orp<r<GO if n<mp-jp) 
for all u E Wrpp(G), where A = (no + jrp - np)(mrp)-‘. Note that 0 < X < 1 
for all relevant values of m, n, r, p and j. If {ui}& is a bounded sequence in 
IJV~*~(G) then by the compactness of the imbedding IV~B~(G) -+ P(G) it 
has a subsequence again denoted {ui} which converges in Lp(G). Since 
11 ‘4 - uk lli.r.G < K II Ui - uk 1lk.p.G II ui - uk ll’,;a”.G 
it follows that {ui} is a Cauchy sequence and hence convergent in IV;*?(G) 
whence the theorem. 
COROLLARY. If G is a quasibounded pepper set in Rn and p > 1 then the 
condition j < m, mp > n is necessary and sufficient for the conclusion of 
Theorem 3. 
PROOF. Clearly (1) cannot be compact if j > m. If p > 1 and mp < n 
then (1) cannot be compact, for if it were, then since the imbedding 
W:,‘(G) -+ L’(G) is continuous the composed imbedding Wr*p(G) + P(G) 
would be compact, which is impossible by Theorem 1. Thus if p > 1 the 
condition j < m, mp > n is necessary for the compactness of the imbedding 
(1). Sufficiency follows from the theorem. 
REMARK. The conditions of Theorem 3 make no requirement of j except 
the obvious one j < m. If p > 1 and m = 1 + [n/p] then we have 
. . . 2 w;,P(G)= JJT;-~~G) + IV~-~~G) --f *.’ -L’(G), 
where the double arrows indicate compact imbeddings and the single arrows 
noncompact imbeddings. 
Neither Theorem 1 nor Theorem 3 covers the case p = 1, m = n. Since 
Theorem 2 assures us that the conclusion of Theorem 3 remains valid in the 
special extra case m = n = p = 1 we conjecture that it is also valid for 
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p = I, m = n > 1, but our present techniques do not permit a proof in this 
case. 
We conclude by proving a slight generalization of part (iii) of Theorem 3. 
THEOREM 4. Let G be a quasibounded open set in Rn. If mp - jp > n then 
the imbedding (1) is compact for 1 < r < CO. 
PROOF. Let {QEr be a bounded sequence in W:**(G). If 1 a! ( < j then 
{D”ui} is bounded in WF-j*“(G) an d so is precompact inLr(G), for 1 < r < 00. 
Thus there is a subsequence (@> such that {D”z@‘) converges in L’(G). 
The intersection of the subsequences (a?‘) for 0 < 1 cx 1 < j is convergent 
in W:*‘(G). 
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